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Abstract In this paper we consider discrete-time piecewise affine hybrid
systems with Boolean inputs, outputs and states and we show that they
can be represented in a canonical form where the logic variables influence
the switching between different submodels but not the continuous-valued
dynamics. We exploit this representation for studying Lagrange stability
and developing performance analysis procedures based on linear matrix
inequalities. Moreover, by using arguments from dissipativity theory for
nonlinear systems, we generalize our approach to solve the H∞ analysis
problem.
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1 Introduction

In the area of hybrid systems, stability analysis has been one of the most consid-
ered topics. The fact that a hybrid system can switch between different dynamics
according to logic rules, makes the problem of designing stability tests difficult
and, depending on the modeling framework considered, various solutions have
been proposed in the literature [6,14,17]. In this work we focus on discrete-time
Piece-Wise Affine (PWA) systems, whose state-space representation is
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{0, 1}n�, u� ∈ {0, 1}m�, y� ∈ {0, 1}p�. Each affine subsystem (Ãi, B̃i, ãi, C̃i, D̃i, c̃i),
i = 1, . . . , s̃ is defined on a cell X̃i ⊂ R

nc × {0, 1}n� × R
mc × {0, 1}m� that is a

(not necessarily closed) polyhedron. The cells satisfy X̃i

⋂ X̃j = ∅, ∀i 	= j, and
their union defines the admissible set of states and inputs X̃ =

⋃s̃
i=1 X̃i.

Under mild assumptions, the state-space form (1) provides a unified represen-
tation for many classes of discrete-time hybrid systems such as Mixed Logic
Dynamical (MLD) systems [2], Linear Complementarity, Extended Linear Com-
plementarity and Min-Max Plus Scaling systems [13]. PWA systems arise also
when considering either linear constrained or MLD models regulated by a Model
Predictive Control (MPC) scheme. Indeed, in [1,4] it has been shown that, under
mild assumptions, the resulting closed-loop systems has the form (1) and can be
computed in closed form. It is then apparent that stability/performance tests
for PWA models can be exploited either for investigating stability/performance
of all the above classes of hybrid systems or for checking the a posteriori stabil-
ity/performance obtained via an MPC law.

In a PWA system, the coupling between logic and dynamics is realized through
the following features. First, the state-update and output maps can be discon-
tinuous across the boundaries of the cells; second, the use of logic inputs u�,
outputs y� and states x� allows one to model automata and finite state machines
in the PWA form [3].

Algorithms for checking stability of PWA systems without logic states have been
proposed in [9]. However, the presence of logic states either does not allow to
apply directly such algorithms or makes them overly conservative. Moreover, in
many practical cases, one is interested in studying the stability of the continuous-
valued part xc of the state (that usually represents physical quantities) without
imposing the convergence of the logical part x� to a constant value. Indeed, this
allows considering also cases in which xc reaches the equilibrium thanks to the
switching of the logic state. This stability concept, called Lagrange stability [12],
is the one considered in this work.

The design of algorithms for testing Lagrange stability is achieved in two steps.
First, in Section 2, we show that every PWA system can be written in a canonical
form, termed PWA Logic Canonical (PWA-LC) form that is suitable for analyz-
ing Lagrange stability. This is done by recalling the equivalence between MLD
and PWA forms [2] and by showing that every MLD system admits an equivalent
PWA-LC representation. Furthermore we prove, under a well-posedness assump-
tion, that also the converse holds, i.e., every PWA-LC system can be written
in the PWA form. In Section 3, various stability tests for PWA-LC systems
with different degrees of conservativeness are proposed. In particular, similarly
to [14,17], we synthesize Piece-Wise Quadratic (PWQ) Lyapunov functions by
solving Linear Matrix Inequalities (LMIs).

Finally, in Section 4, we consider theH∞ analysis problem and exploit passiv-
ity theory for discrete-time nonlinear systems [16] in order to synthesize suitable
PWQ storage functions via LMI procedures. For the sake of brevity we omit all
the proofs and we refer the interested reader to [10] for the details.



196 Giancarlo Ferrari-Trecate, Francesco A. Cuzzola, and Manfred Morari

2 Logic Canonical Form of Discrete-Time PWA Systems

We consider discrete-time hybrid systems in the Mixed Logic Dynamical form
that are described through the formulas [3]
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where δ ∈ {0, 1}r� and z ∈ R
rc represent auxiliary binary and continuous vari-

ables respectively. The overall state, input and output vectors will be denoted
with x, u and y. The continuous-valued and logic components of the state can
be obtained by using the projection operators C(x) = xc and L(x) = x�. A thor-
ough description of MLD systems and of their modeling capabilities can be found
in [3,2]. All constraints on state, input, and auxiliary variables are summarized
in the inequality (2c). Note that, despite the fact that equations (2a)-(2b) are
linear, nonlinearity is hidden in the integrality constraints over binary variables.
In this paper we consider MLD systems that are completely well-posed [3], such
that, for given x(t) and u(t), the values of δ(t) and z(t) are uniquely determined
through the inequalities (2c). In other words, the inequalities (2c) implicitly de-
fine the maps Z(x(t), u(t)) = z(t) and ∆(x(t), u(t)) = δ(t). This assumption is
not restrictive and is always satisfied when real plants are described in the MLD
form [3].
In order to study the relations between different representations for hybrid sys-
tems we use the following definition

Definition 1 Consider two discrete-time systems Σ1 and Σ2 in state-space
form. The system Σ1 is equivalent to Σ2 if all the trajectories x(k), u(k), y(k)
compatible with the state-space equations Σ1 are also compatible with Σ2. Two
classes of systems are strongly equivalent if for each system in the first class
there exists an equivalent system in the second class and vice-versa.

Consider now the following class of hybrid systems.

Definition 2 A PWA system in the Logic Canonical form (PWA-LC system)
is described by the state-space equations[
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where i = 1, 2, . . . , s and the matrices appearing in (3a)-(3b) have the block
structure

Ai =
[
Fcc,i, 0
0 0

]
, Bi =

[
Gcc,i 0
0 0

]
, ai =

[
ac,i

a�,i

]
(4)
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[
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]
, Di =

[
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]
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(5)

Fcc,i ∈ R
nc×nc , Gcc,i ∈ R

nc×mc , Hcc,i ∈ R
pc×nc , Lcc,i ∈ R

pc×nc ,

ac,i ∈ Rnc , a�,i ∈ {0, 1}n�, cc,i ∈ R
pc , c�,i ∈ {0, 1}p� .

In (3c) the cells Xi ⊂ R
nc ×Rmc are (not necessarily closed) polyhedra. Moreover,

x̄�,i ū�,i are vectors with binary entries, i.e. x̄�,i ∈ {0, 1}n�, ū�,i ∈ {0, 1}m�.

The set of admissible continuous states and inputs for a PWA-LC systems is
X =

⋃s
i=1 Xi and, as it is apparent from (3c), a constant logic state x̄�,i and input

ū�,i are associated to each cell Xi. Note that the state and output trajectories of
a PWA-LC system can be non-unique, since it may happen that a state x and
an input u satisfy the condition (3c) for different values of the index i. However,
as pointed out in [3], non-uniqueness is often due to modeling errors, rather than
to intrinsic properties of the system and therefore it is sensible to restrict the
attention to the class of completely well-posed PWA-LC systems.

Definition 3 A PWA-LC system is completely well posed if, for each pair (x, u),
satisfying [xc

T , uc
T ]T ∈ X, there exists a unique index i such that [xc

T , uc
T ]T

∈ Xi, x� = x̄�i and u� = ū�i.

Remark 1 Note that a completely well-posed PWA-LC systems is equivalent to
a PWA systems in the form (1). In fact, by choosing

X̃i =
{
(x, u) : [xT

c , u
T
c ]

T ∈ Xi, x� = x̄�i, u� = ū�i

}
,

from the well-posedness of the PWA-LC form it follows that X̃i

⋂ X̃j = ∅, ∀i 	= j.
Then, by choosing the matrices in (1a)-(1b) equal to the corresponding ones in
(3a)-(3b) the equivalence follows.

Compared to the model (1), PWA-LC systems have two additional features.
First, the dynamics of the continuous-valued components xc and yc is not in-
fluenced by the binary states x� and inputs u� (in particular, the logic input u�

contributes only in determining the switching between different cells); second,
to the i-th subsystem corresponds a unique vector with binary entries

vi =
[
x�(k)T x�(k + 1)T y�(k)T u�(k)T

]T
. (6)

In fact, if the index i is fixed, condition (3c) ensures the uniqueness of x�(k) and
u�(k) whereas x�(k+1) and y�(k) depend only on the displacements a�,i and c�,i
that are time-independent.
The following theorem clarifies the relations between MLD and PWA-LC sys-
tems. In the sequel, we always assume that a PWA-LC system is completely
well-posed.
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Theorem 1 For every MLD system (2) there exists an equivalent PWA-LC
system (3).

The proof of Theorem 1, which can be found in [10], is constructive and provides
an algorithm for obtaining the PWA-LC form of an MLD system. Moreover,
since, under minor assumptions, the class of PWA systems is strongly equivalent
to the class of MLD systems [2], Theorem 1 guarantees that every PWA system
can be written in the PWA-LC form. The converse follows from Remark 1.
Finally, in [13] it was shown that the class of PWA systems is strongly equivalent
(under mild assumptions) to the classes of hybrid systems in the Linear Comple-
mentarity, Extended Linear Complementarity and Min-Max Plus Scaling forms.
Therefore, all such classes of hybrid systems are strongly equivalent to the class
of PWA-LC systems.

Example 1 Consider the PWA system (1a) where s̃ = 4, nc = 2, n� = 1 (i.e.
the state vector is [xc,1, xc,2, x�]T ) and the matrices are
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Ã4 =

2
4 Ā5
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Consider the regions

R1 = {(xc,1, xc,2) : −xc,1 + xc,2 ≤ 0, xc,1 ≤ 1, xc,2 ≥ 0} (11)

R2 = {(xc,1, xc,2) : −2.14xc,1 + xc,2 ≤ 0, 0.7xc,1 + xc,2 ≤ 1.7, xc,1 − xc,2 < 0} (12)

R3 = {(xc,1, xc,2) : xc,2 < 0, 0 ≤ xc,1 ≤ 1, −0.47xc,1 − xc,2 ≤ 0.2} (13)

that partition the continuous state space as shown in Figure 1. The cells X̃i are
given by

X̃1 = R1 × {0}, X̃2 = R1 × {1},
X̃3 = (R2 × {0})⋃ (R2 × {1}) , X̃4 = (R3 × {0})

⋃
(R3 × {1}) .

The PWA system admits an equivalent representation in the PWA-LC form (3a)
with 6 subsystems characterized by the following matrices
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Fig. 1. A state trajectory (xc,1(k), xc,2(k)) for the PWA system in Example 1.
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ā3
0

�
, (16)

Bi =
�
0 0 0

�T , i = 1, . . . , 6. (17)

The cells of the PWA-LC system are given by

X1 = X2 = R1, X3 = X4 = R3, X5 = X6 = R2 (18)

x̄�,1 = x̄�,3 = x̄�,6 = 0, x̄�,2 = x̄�,4 = x̄�,5 = 1. (19)

The trajectory of the continuous states (xc,1(k), xc,2(k)) stemming from x(0) =
[0.95, 1, 0]T is depicted in Figure 1. Note that, by construction, every trajec-
tory (xc,1(k), xc,2(k)) approaching the origin does not settle in a single cell but
switches continuously among different cells.

3 Stability Analysis for PWA-LC Systems

In this section we analyze the stability property of autonomous PWA-LC sys-
tems. Such models, in view of Definition 2, can be written in the following form:

x(k + 1) = Aix(k) + ai, for C(x(k)) ∈ Xi L(x(k)) = x̄�,i (20)

where C(x) belongs to the set of admissible states X = (
⋃s

i=1 Xi) ⊆ R
nc , the

cells {Xi}s
i=1 are polyhedra and the matrices Ai and ai have the block structure

Ai =
[
Ac,i 0
0 0

]
, ai =

[
ac,i

a�,i

]
, Ac,i ∈ R

nc×nc , ac,i ∈ Rnc×1. (21)
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According to the notation in [14], we call I = {1, 2, . . . , s} the set of indices of
the state space cells of the autonomous PWA system (20). I is partitioned as
I = I0 ∪ I1, where I0 are the indices of the cells whose closure contains the
origin and I1 := I\I0.
We assume that the origin xc = 0 is contained in X, and that it is an equilibrium
of the system (20), i.e.

C
(
Ai

[
0
x̄�,i

]
(k) + ai

)
= 0, ∀i ∈ I0. (22)

From equations (21) and (22) it is also apparent that if xc = 0 is an equilibrium,
then we have ac,i = 0, ∀i ∈ I0. Moreover, it is important to stress that this
does not imply that the logic state x�(k) has a constant value but only that
x�(k) ∈ {x̄�,i, i ∈ I0}.
Hereafter we focus on the Lagrange stability [12] of the origin of (20), i.e. on the
stability of the continuous-valued part xc of the state vector.

Definition 4 Let X0 ⊆ X such that 0 ∈ X0. The equilibrium xc = 0 is expo-
nentially stable on X0 if there exist two coefficients K > 0, 0 < γ < 1 and a
time instant k̄ such that, for all initial states x(0) satisfying C (x(0)) ∈ X0 then
‖xc(k)‖2 ≤ Kγk‖xc(0)‖2, ∀k > k̄.

Note that in (1), the set X is possibly defined by polyhedral constraints on the
state trajectory xc(k). Therefore, when focusing on stability on a set X0 it is
natural to introduce the next Assumption.

Assumption 1 The free evolution of the state trajectory for the PWA-LC sys-
tem (20) stemming from an initial state x(0) satisfying C (x(0)) ∈ X0 fulfills the
condition C (x(k)) ∈ X ∀k ∈ N+ .

In order to analyze the stability of xc = 0, we will exploit a particular class of
Lyapunov functions with the structure:

V (xc) = xc
TPi(xc)xc, ∀xc ∈ Xi (23)

where

Pi : Xi → R
nc×nc , ∀i ∈ I (24)

xc
TPi(xc)xc > 0, ∀xc ∈ Xi\{0}, ∀i ∈ I (25)

and ∀i ∈ I, supxc∈Xi
|λmax(Pi(xc))| < +∞, supxc∈Xi

|λmin(Pi(xc))| < +∞
and ∀xc ∈ Xi Pi(xc) = Pi(xc)T (λmax(P ) and λmin(P ) denote the largest
and the smallest eigenvalues, respectively, of a real and symmetric matrix P ).
Note that (23) does not imply that the matrices Pi(x) are positive definite
because the inequality is required to hold only for the points in the i-th re-
gion. Moreover the assumption on the maximum and minimum eigenvalues
avoids that |xT

c (k)Pi(xc(k))xc(k)| goes to infinity for some sequence xc(k) ∈ Xi,
k = 0, . . . ,+∞ that converges to a limit point belonging to the boundary of Xi.
Obviously, in order to guarantee these requirements on the eigenvalues, possible
choices of matrices Pi(·) are
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1. continuous functions on Xi if Xi is bounded;
2. constant matrices if the Xi is unbounded.

As shown in [9] in discrete-time, the function V (xc) used to prove stability of
the origin can be discontinuous across the cell boundaries. More precisely, we do
not need to require the continuity of V (xc) on the whole state-space X to prove
the stability, as long as the number of cells is finite. For this reason we introduce
the following Assumption.

Assumption 2 The cardinality |I| of the set I is finite.
In order to check the stability it is possible to resort to the procedure reported
in the following theorem.

Theorem 2 Let Assumption 2 hold. Let X0 be a set of initial states satisfying
Assumption 1. The equilibrium xc = 0 of (1) is exponentially stable on X0 if
there exists a function V (xc) as in (23) possessing a negative forward difference
∆V (k + 1, k) = V (xc(k + 1))− V (xc(k)), ∀k ≥ 0:

∆V (k + 1, k) = xc(k + 1)TPi(xc(k + 1))xc(k + 1)− xc(k)
T
Pj(xc(k))xc(k) < 0,

(26)

where xc(k) 	= 0 and i, j are the indices such that xc(k) ∈ Xj, x�(k) = x̄�,j,
xc(k + 1) ∈ Xi, x�(k + 1) = x̄�,i.

Remark 2 Note that if, for a fixed 0 < γ ≤ 1, we can substitute the condition
(26) with

V (xc(k + 1))− γV (xc(k)) =

= xc(k + 1)TPi(xc(k + 1))xc(k + 1)− γxc(k)
T
Pj(xc(k))xc(k) < 0, (27)

where xc(k) 	= 0 and xc(k) ∈ Xj, x�(k) = x̄�,j, xc(k + 1) ∈ Xi, x�(k + 1) = x̄�,i,
then it is possible to state that there exists a coefficient γ̄, 0 < γ̄ < γ such that

∀k ∈ N+ , ‖xc(k)‖2 < Kγ̄k‖xc(0)‖2 (28)

where K is a suitable positive coefficient. Therefore, γ represents a strict upper
bound on the minimum degree of exponential stability.

3.1 LMI Algorithms for Exponential Stability Analysis

In this section we investigate numerical procedures to check the stability con-
ditions (25) and (26). We first impose a convenient structure to the Lyapunov
function used in (25) and (26). More precisely, we will adopt one of the following
alternatives:

i) Pi(xc) = Pi ∀xc ∈ Xi: this class of Lyapunov functions, which leads to the so-
called Piecewise Quadratic (PWQ) stability, has been studied for continuous-
time PWA systems without logic states in [14];
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ii) Pi(xc) =
∑N

j=0 Pi(j)ρi(j)(xc) where ρi(j) : Xi −→ [0, 1] , j = 1, 2, . . . , N
are (bounded) basis-functions [15] for Pi(·) and Pi(1), Pi(2), . . . , Pi(N) are
parameter matrices. A similar class of Lyapunov functions has been proposed
for continuous-time nonlinear systems in [15].

It is apparent that the stability tests obtained from choice ii) are less conser-
vative than those exploiting choice i) We point out that all these tests can be
translated into an LMI form [18] by replacing (25) and (26) with the following
more conservative conditions:

a) Pi(xc) > 0, ∀i ∈ I, ∀xc ∈ Xi (29)
b) (Ac,jxc + ac,j)TPi(Ac,jxc + ac,j)(Ac,jxc + ac,j)− γxc

TPj(xc)xc < 0(30)
∀j ∈ I, ∀xc ∈ Xj\{0}, and Ac,jxc + ac,j ∈ Xi, a�,j = x̄�,i

where 0 < γ ≤ 1 represents a strict upper bound on the minimal degree of
exponential stability. As one can easily note, inequalities (29)-(30) are LMI con-
ditions both in case i) and in the case ii). Unfortunately, in general and even
when the state-space X is bounded, one has to deal with an infinite-dimensional
LMI problem or, in other words, it is necessary to deal with a Parameterized
LMI (PMI) problem that can be reduced to a finite-dimensional LMI problem by
resorting to various techniques based either on gridding of the parameter space
[19] or on multiconvexity concepts [11].

3.2 Relaxation of Finite-Dimensional LMI Tests for Exponential
Stability

In the previous subsection we proposed two stability tests based on the conditions
(25) and (26). In this subsection we focus on the tests associated with Lyapunov
functions of type (23) with the structure corresponding to the case i). In fact, for
this case, it is possible to obtain stability tests that do not require gridding and
that are computationally less expensive. For the sake of simplicity, we assume
that:

ac
i = 0, ∀i ∈ I. (31)

It is easy to verify that conditions (29)-(30) are satisfied, for a given 0 < γ ≤ 1,
if the following alternative inequalities are met:

a) Pi > 0, ∀i ∈ I (32)
b) AT

c,jPiAc,j − γPj < 0, ∀(i, j) ∈ W (33)

where

W =
{
(i, j)|j, i ∈ I, xc ∈ Xj , C

(
Aj

[
xc

x̄�,j

]
+ aj

)
∈ Xi and a�,j = x̄�,i

}
. (34)

The set W , which represents all possible switches between subsystems in a sin-
gle time-step, can be found by resorting first to the equivalence between MLD
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systems and PWA-LC systems and then by applying reachability analysis proce-
dures available for MLD systems (see [2]). We point out that the computational
burden for the determination of W is usually negligible compared to the one
required for solving the LMIs (32)-(33).

Remark 3 Lagrange stability is defined in terms of the continuous-valued part
of the state xc. However, this does not mean that it is independent of the evolution
of the logic part of the state x�. Indeed, since from (20)-(21) it holds that x�(k+
1) = a�,i, the dynamics of x� influences the LMIs (32)-(33) since it contributes
in defining the minimal set W of one-step switches.

Following the rationale of [14] we note that the LMIs (32)-(33) are actually valid
on the whole state space, even though they would be required to hold in a single
cell only i.e. for C (x) ∈ Xi. We can remove some conservativeness by deriving
from (25) and (26) some alternative conditions by exploiting the so-called S-
Procedure (see e.g. [23]). More precisely, it is possible to reduce conservativeness
if we can find matrices Fi and Gij such that

Pi − Fi > 0, ∀i ∈ I (35)
AT

c,jPiAc,j − γPj +Gij < 0, ∀(i, j) ∈ W (36)

xc
TFjxc ≥ 0, xc

TGijxc ≥ 0 if xc ∈ Xj . (37)

Note that we do not require the matrices Fi and Gij to be positive or negative
definite, we only require that the quadratic forms take on the signs mentioned
above in the corresponding cells. From the assumptions on the matrices Fi and
Gij it follows that the fulfillment of the LMIs (35)-(36) implies the fulfillment of
(29)-(30).
As for the issue of finding suitable matrices Fi and Gij fulfilling the requirement
(37) and how to remove the assumption (31) we refer the interested reader to
[14]

Example 2 We analyze the Lagrange stability of the PWA-LC system consid-
ered in Example 1. The minimal set of one step switches W that can be found
by means of the reachability analysis procedure described in [5] is

W = {(1, 1), (3, 1), (2, 2), (5, 2), (2, 3), (4, 3), (2, 4), (4, 4), (1, 5), (6, 5), (1, 6), (6, 6)}
(38)

By solving the LMIs (35)-(37) it has been possible to prove that the equilibrium
xc = 0 is exponentially stable on X with degree of exponential stability γ ≤
0.49001.

4 Performance Analysis Techniques

In this section we consider the H∞ analysis problem for discrete-time PWA
systems with logic states and show how it can be addressed by resorting to LMI-
based algorithms. The rationale for our derivation hinges on the use of passivity
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theory for nonlinear systems [16]. As will be clear, the proposed LMI techniques
can also be adapted to consider different performance indices.
We point out that an important application of the H∞ performance analysis
tests is the performance analysis of MPC for both linear and MLD systems.
This can be done by exploiting the explicit PWA form of the closed-loop system
[4,1].

Notation: The symbol ∗ will be used in some matrix expressions to induce
a symmetric structure. For example, if L and R are symmetric matrices, then[

L+M + ∗ ∗
N R

]
:=

[
L+M +MT NT

N R

]
. (39)

4.1 H1 Performance of Piecewise Affine Systems

Consider the augmented autonomous PWA-LC system

x(k + 1) = Aix(k) +Biw(k) + ai

z(k) = Cix(k) +Diw(k)
, C(x(k)) ∈ Xi L(x(k)) = x̄�,i (40)

where the system matrices have the block structure

Ai =
[
Ac,i 0
0 0

]
, Bi =

[
Bc,i

0

]
, ai =

[
ac,i

a�,i

]
,

Ac,i ∈ R
nc×nc , Bc,i ∈ R

nc×m, ac,i ∈ Rnc×1

Ci =
[
Cc,i 0

]
, Cc,i ∈ R

r×nc , Di ∈ Rr×m . (41)

In the model (40), w represents a disturbance signal and z is a penalty out-
put that can model, for instance, tracking errors. The Assumption 1 has to be
modified in order to take into account the effects of the disturbance signal w as
follows.

Assumption 3 The evolution of the state trajectory for the PWA-LC system
(40) stemming from an initial state x(0) satisfying C (x(0)) ∈ X0 and due to a
disturbance signal w(k), k ∈ N+ satisfies the condition C (x(k)) ∈ X ∀k ∈ N+ .

As done in Section 3.2 to simplify the exposition we assume ac,i = 0, ∀i ∈ I.

We focus on the disturbance attenuation problem in an H∞ framework: given a
real number γ > 0, the exogenous signal w is attenuated by γ if, starting from
a state x0 satisfying C (x(0)) = 0, for each integer N ≥ 0 and for every non null
w ∈ l2 ([0, N ] ,Rm ) it holds

N∑
k=0

‖z(k)‖2 < γ2
N∑

k=0

‖w(k)‖2. (42)

Note that, as usual in the control of nonlinear systems [16], performance indices
defined over a finite time horizon are considered.
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A discrete-time nonlinear system (e.g. the PWA system (40)) is strictly dissi-
pative with supply rate W : Rr × R

m → R [7] if there exists a non-negative
function V : Rnc → R termed storage function such that

∀w(k) ∈ Rm , ∀k ≥ 0, V (xc(k + 1))− V (xc(k)) < W (z(k), w(k)) (43)

and V (0) = 0.
Condition (43), is the so-called dissipation inequality that can be equivalently
represented through the condition [16,22]:

∀w(k),∀N ≥ 0, ∀x0 : C(x0) ∈ X, V (xc(N + 1))− V (xc(0)) <

NX
k=0

W (z(k), w(k))

(44)

where xc(0) = C (x0). Hereafter, we concentrate on finite gain dissipative PWA
systems with the following supply rate

W∞(z, w) = γ2‖w‖2 − ‖z‖2, γ > 0. (45)

In fact, the supply rate W∞(z, w) is related to the H∞ performance of the
PWA system. Other types of performance analysis procedures can be derived by
considering alternative types of supply rate functions (see e.g. [18]).
An important issue is represented by the structure of the storage function used
to test this performance criterion. The considerations reported in Section 3.1
about the structure of a Lyapunov function that can be used for stability tests,
are valid also for the problem of selecting the structure of the candidate storage
function.

4.2 H1 Analysis for PWA Systems

We first establish some preliminary facts on the H∞ norm of a PWA-LC system
for which the origin is PWQ stable

Lemma 1 Let Assumptions 3 and 2 hold. Assume that there exists matrices Pi

fulfilling the LMIs (32)-(33) and set C (x0) = 0. Then, the H∞ constraint (42)
is satisfied ∀γ > γ0 where

γ0 =
�
C̃2γ̄2 + D̃2

�1/2

(46)

and

C̃ := supi∈I ‖Cc,i‖ D̃ := supi∈I ‖Di‖
γ̄ :=

L̄1+(L̄2
1+4L̄2)1/2

2
L̄1 := 2L1P̄

σ
L̄2 := L2P̄

σ

L1 := supi∈I ‖Ac,i‖‖Bc,i‖ L2 := supi∈I ‖Bc,i‖2 P̄ := supi∈I ‖Pi‖.
(47)

The next result, which is a generalization of the classical Bounded Real Lemma
[20,21,16] to PWA-LC systems, allows us to analyze the H∞ performance of a
PWA system with logic states.
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Lemma 2 Let Assumptions 2 and 3 hold. Consider the system (40) and an
initial state x(0) such that C (x(0)) = 0. If there exists a function V (xc) =
xc

TPi(xc)xc ∀xc ∈ Xi of type (23) satisfying the dissipativity inequality (43)
with supply rate (45), then the H∞ performance condition (42) is satisfied. Fur-
thermore, the equilibrium xc = 0 of the system (40) is exponentially stable on
X0.

4.3 Solution Procedures for Performance Analysis Tests

The conservativeness of the performance condition (43) with supply rate (45)
depends strictly on the structure adopted for the matrices Pi(·): some possible
choices are reported in Section 3.1.
It is also worthwhile stressing that the performance analysis condition (43) is
satisfied if the following inequality is fulfilled

Mji(xc(k), w(k)) < 0, (48)

where xc(k) ∈ Xj\ {0}, xc(k + 1) = Ac,jxc(k) +Bc,jw(k) ∈ Xi and

Mji(xc(k), w(k)) := (49)�
AT

c,jPi(xc(k + 1))Ac,j−Pj(xc(k)) + CT
c,jCc,j ∗

DT
j Cc,j + BT

c,jPi(xc(k + 1))Ac,j BT
c,jPi(xc(k + 1))Bc,j + DT

j Dj − γ2I

�

Obviously, it is possible to reduce the condition (48) to a PMI problem that, as
pointed out in Section 3.1, can be solved by resorting to classical techniques like
the gridding method.
Furthermore, by assuming that the matrices Pi(·) are independent of the state
(case i) of Section 3.1), condition (48) becomes

Pi > 0, ∀i ∈ I M̄ji < 0 ∀(i, j) ∈ W (50)

where

M̄ji :=

�
AT

c,jPiAc,j − Pj + CT
c,jCc,j ∗

DT
j Cc,j + BT

c,jPiAc,j BT
c,jPiBc,j + DT

j Dj − γ2I

�
. (51)

Furthermore, similarly to what has been proposed in the previous section about
the stability analysis procedure, it is possible to reduce the conservativeness of
the LMIs (50) by relaxing these inequalities with matrices Fi and Gij satisfying
the requirements (37).

5 Conclusions

In this paper we first showed that a PWA system can be represented in a logic
canonical form that is particularly advantageous for investigating both Lagrange
stability and performance of PWA systems with logic states. Then, analogously
to the techniques developed in [9], we derived stability tests for PWA-LC systems
based on LMI theory. Moreover, we extended our results to the H∞ analysis
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problem by means of classical dissipative concepts for nonlinear discrete-time
systems. Future research will focus on the adaptation of the procedure proposed
in [8] for the synthesis of state-feedback controllers, to the case of PWA-LC
systems. Also Model Predictive Control (MPC) schemes for PWA-LC systems
are under development.
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